Binney (2003) recently argued that two-temperature radiatively inefficient accretion flows are impossible because the equipartition between ions and electrons is established on a time scale shorter than the accretion time. Here we correct the Hamiltonian approach of Binney (2003) to include the fact that in the Hamiltonian treatment of electromagnetic interactions canonical and particle angular momenta are not equal. The result then reveals that no new information beyond conventional calculations is obtained from the Hamiltonian formalism. We also identify additional conceptual problems of not treating the electromagnetic field dynamically. We conclude that twotemperature accretion flows have not yet been ruled out. Our results stand independent from the discussion of Quataert (2003) who argued that time scale calculated in Binney (2003) is not the equipartition time as claimed. Attention to this subject is important because it highlights the role and limitations of the Hamiltonian formalism for plasma dynamics.
INTRODUCTION
Two temperature collisionless plasmas have been invoked to explain low luminosity accreting objects (e.g., Ichimaru 1977; Narayan & Yi 1995; Quataert & Gruzinov 2000; Narayan, Igumenshchev & Abramowicz 2000; Narayan 2002) . As these models typically assume that the energy exchange between electrons and ions proceeds by Coulomb collisions the associated accretion flows do not radiate efficiently if (1) the dissipation primarily heats the protons and (2) if the electron-ion equilibration time is longer than the radial infall time. The gravitational energy is then carried by ions to the event horizon of the black hole or to the surface of the neutron star. Because of the subtle plasma physics involved, these assumptions have been the subject of deserved attention in an effort to more rigorously validate or rule out such accretion models (Begelman & Chiueh 1988; Bitsnovatyi-Kogan & Lovelace 1997; Quataert 1998; Gruzinov 1998; Blackman 1999; Quataert & Gruzinov 2000) . Binney (2003) recently presented a general argument that assumption (2) is invalid by using a Hamiltonian formalism to calculate the change of energy and angular momentum of a particle moving in a general time-dependent electromagnetic field. He then averaged the result obtained over many particles to estimate the corresponding rates for the plasma. He concluded that the ion-electron equipartition time tequi is smaller than the characteristic angular momentum loss time, tres (or residence time according to Binney's (2003) terminology). If the result were true and the approach correct, it would rule out two-temperature accretion flows. Quataert (2003) argued that the conclusion of Binney (2003) is incorrect. Quataert (2003) discussed that time scale on which the energy of a particle changes due to the work by the electric field is not the time scale on which the true heating or change in entropy occurs. He mentions two examples where this difference is evident: First is the motion of a particle in a slowly varying magnetic field, with characteristic variation time much longer than Ω −1 , where Ω = eB/mc is the cyclotron frequency. After some time the magnetic field returns to its initial value everywhere. In this case, tequi calculated by the method of Binney (2003) would be the characteristic variation time of the magnetic field. At the same time, in the absence of collisions the energies of particles remain the same because of the conservation of the adiabatic invariant. The second example is an undamped Alfvén wave. In this wave the energy is transferred periodically between fields and particles, but there is no net heating. As an extension of the argument about different time scales for adiabatic and dissipative energy changes, Quataert (2003) mentions that particles are heated at discrete wave-particle resonances, not explicitly accounted for in Binney (2003) .
Although these two examples of non-dissipative energy changes of particles in time variable magnetic fields are clear and correct, the statistical nature of the turbulence (presumably existing in any accretion flow due to the nonlinear development of the magneto-rotational instability (MRI, e.g. Balbus & Hawley 1998)) does not allow one to conclude that all particle-turbulence energy exchange processes will occur as in Quataert's two examples. Therefore, by themselves, these arguments of Quataert (2003) do not disprove the derivation of Binney (2003) . In particular, Binney argued that the rate of heating may be estimated from equation (2) in his paper as follows: "Thus this equation describes the mechanism by which equipartition is established between ions and electrons; the net direction of the energy flow is mandated by the general principles of statistical physics, and the rate of flow may be estimated from equation (2)." This statement does not contradict the specific energy transfer examples of Quataert described in our previous paragraph above. The reason is that it is not entirely clear how statistically important the examples of Quataert are for a real accretion flow.
That being said, we have studied the calculation of Binney (2003) and have discovered what we believe are the essential problems that invalidate the treatment therein: (1) The calculation of Binney assumed that the particle angular momentum and the canonical angular momentum are the same, which leads to an incorrect and non-gauge invariant angular momentum equation. (2) The electric and magnetic fields are not included dynamically, as they must be for a plasma. This is specifically required to include the wave-particle interactions discussed above. We hope that a broader consequence of the discussion will be to help elucidate the role and limitations of the Hamiltonian formalism in the context of such plasma dynamics problems.
HAMILTONIAN ANALYSIS AND THE EQUATIONS OF MOTION

The Hamiltonian vs. the Particle Energy
Binney (2003) uses a Hamiltonian formalism to calculate the change of energy and angular momentum of a particle under the action of the electromagnetic field and the action of gravitational field characterized by the potential Φ. In a given time-dependent electromagnetic field characterized by the potentials A and ψ, the Hamiltonian for the nonrelativistic motion of a particle of mass m and charge q in Cartesian coordinates is (e.g., Landau & Lifshitz 1988 )
where Φ is assumed to be time-independent and axially symmetric, and the canonical momentum of the particle, p, is related to its velocity v by
where we set the speed of light c = 1 to match the notation of Binney (2003) . This Hamiltonian explicitly depends on time via A = A(r, t) and ψ = ψ(r, t). The Hamiltonian (1) is also not gauge invariant: addition of time derivative of some scalar function to ψ changes H. The first term in H is a kinetic energy of the particle and it is gauge invariant (gauge transformation also applies to p). Because of these circumstances, the identification of the Hamiltonian with the energy of a particle and dH/dt with the work done on a particle by the electric field (as Quataert (2003) does) is not correct. It is the change in kinetic energy of a particle, mv 2 /2, that must be estimated to determine equilibration times. This is the time derivative of the first term in Eq. (1), not dH/dt.
However, later Binney (2003) argues that the terms q∂ψ/∂t cancel out when averaging over particles with opposite charges in a quasi-neutral plasma. This could be questioned because a particle with a given charge in a plasma always attracts particles of the opposite charge within its Debeye sphere. As a result, the change in the potential at the location of a particle correlates with its charge; the cancellation of q∂ψ/∂t between species is not obvious. Nevertheless, let us assume that the argument of Binney (2003) could be true, so as to imply that the change of the kinetic energy of the particle is indeed given by the −qv · ∂A/∂t (first term in Binney (2003) formula (2)) and the equilibration time could be estimated by H |qv · ∂A/∂t| .
The Canonical Angular Momentum vs. the Particle Angular Momentum
The key problem with the Binney (2003) calculation is the mis-identification of the angular momentum of a particle Lz with the φ-component of the canonical momentum p φ . To show that these are not the same and the important consequences, we now rigorously derive dLz/dt. The forms of the Hamiltonian and canonical momenta depend on the choice of the coordinate system used to describe the particle motion. In cylindrical coordinates, expressions (1) and (2) need to be modified. The general procedure to derive Hamiltonian equations is to start with a Lagrangian (which can be obtained from the covariant action). The Lagrangian is invariant under the transformations of space coordinates x i . In cylindrical coordinates (r, φ, z) the Lagrangian L in non-relativistic limit is (e.g., Landau & Lifshitz 1988 ):
whereṙ = dr/dt,φ = dφ/dt, andż = dz/dt along the trajectory of a particle. The conjugate canonical momenta are pi = ∂L/∂ẋ i . In cylindrical coordinates pr = mṙ + qAr, p φ = mr 2φ + qrA φ , pz = mż + qAz.
The actual particle angular momentum relative to the z-axis is Lz = mr 2φ . Eq. (4) allows us to relate Lz to φ-component of conjugate momentum as Why Two-Temperature Accretion Flows Are Not Yet Ruled Out 3
Therefore, in electromagnetism Lz = p φ contrary to the statement of Binney (2003) 
This expression is different from the expression (1) for H in Cartesian coordinates by the factor 1/r multiplied with p φ . Let us take d/dt along the particle trajectory of relation (5). One has dp φ dt = {p φ , H} = − ∂H ∂φ
where the curly bracket is a Poisson bracket and we have used Eq. (4). This result exactly reproduces the right hand side of the Eq. (4) in Binney (2003) but the left hand side should be dp φ /dt, not dLz/dt ! There are extra terms to dLz/dt:
Substituting for dp φ dt from Eq. (7) and collecting together terms withṙ andż we obtain
When all components of potentials are combined in Eq. (9), we are left with only components of magnetic and electric fields:
Therefore, Eq. (9) becomes
This is nothing but the torque produced by the φ component of the Lorentz force qE+q(v×B) acting on a particle. Indeed such a result could be anticipated from the very beginning, without using the Hamiltonian or Lagrangian formalism for the derivation. In fact, Eq. (4) of Binney (2003) would already raise initial concerns from the fact that its left hand side dLz/dt, is a gauge invariant quantity, while the right hand side is not gauge invariant. Binney (2003) used the first term in his Eq. (4), averaged over all particles, to obtain his estimate for the time scale of the change of angular momentum of the accreting plasma. His conclusion that tequi/tres < 1 crucially relies on the correctness of the first term in his Eq. (4). But we have shown that his Eq. (4) is incorrect and instead found that no new results come from the Hamiltonian formalism that do not already come from simply writing down the Lorentz force acting on a particle. The latter leads to classical estimates of equilibration times used in standard twotemperature accretion flow calculations. In short, the incorrect usage of the Hamiltonian formalism in Binney (2003) implies that his conclusion that tequi is always smaller than tres cannot be correct.
ON THE INCLUSION OF DYNAMICAL ELECTROMAGNETIC FIELDS
The energy transfer from protons to electrons in the turbulent accretion plasma is mediated by the electromagnetic fields (waves), which are themselves excited by plasma instabilities. That is, the particles and waves can exchange energy, (see for example Begelman & Chiueh (1988) in this accretion flow context; also mentioned in Quataert (2003)). In order to quantitatively assess the effectiveness of the energy transfer between particles and waves, one needs to include the generation of the electromagnetic fields together with the action of the fields on the particles. This means that the electromagnetic fields need to be treated as dynamical variables, not as a background fields. In contrast, Binney (2003) assumes that electromagnetic field is fixed, and is not dynamical. One might be tempted to extend the intended Hamiltonian approach of Binney (2003) to include dynamical electromagnetic fields. In such an approach, the electromagnetic fields can be decomposed into the sum of normal modes and each such mode could be treated as a dynamical degree of freedom. Then, one could write a Hamiltonian containing both particles and electromagnetic fields and attempt to calculate the time derivatives of total energy and angular momentum of the system using such Hamiltonian. But the result of such calculation is predetermined: the total energy and angular momentum of all particles and electromagnetic fields (including radiation) must be conserved in time. Hamiltonian equations written down for such a Hamiltonian will simply be Maxwell equations for the electromagnetic fields combined with the equations of particles motion under the action of Lorentz force. Thus, such a procedure would not lead to new results but simply lead us back to the conventional methods of analysing the equations of plasma dynamics.
CONCLUSIONS
We have found that the mathematically correct Hamiltonian formalism does not provide any new information for estimating the ion-electron equipartition time beyond conventional approaches. This is revealed when one corrects the Hamiltonian approach of Binney (2003) by not equating the canonical angular momentum to the actual particle angular momentum. The revised calculation shows that the expression for angular momentum change of a particle used by Binney (2003) is incorrect (evidenced also by the fact that it is not gauge-invariant) and thus the subsequent conclusion that the equilibration time between electrons and ions in accretion plasma is always shorter than the accretion time is unsupported. We have also pointed out that to incorporate particle-wave interactions occurring in turbulent plasmas, which are not included by Binney (2003) , one must treat the electromagnetic fields as dynamical variables in the Hamiltonian formalism. But including these excitations will simply lead to a conserved Hamiltonian, once again providing no new information beyond conventional plasma physics approaches.
